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Abst rac t - -Th is  paper deals with the blow-up rate of positive solution to semilinear eaction 
diffusion system: (Ul)t = AUl "~-uPl,..-, (Un-1) t  -~ AUn-1  "~ UPn -1  , (Un)t  : AUn -~-U p'L , with null 
Dirichlet boundary conditions. The upper and lower bounds of blow-up rate were obtained. (~) 2002 
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1. INTRODUCTION AND MAIN RESULTS 
In this paper, we study the estimate of blow-up rate of positive solution to the semilinear reaction 
diffusion system 
(Ul) t : iu  I -~- u pl, 
(u~-l ) t  = Au~_l  + u~ "-1, 
(u~)~ = Au~ + Ul p", 
x E ~, t > 0, 
(1.1) 
Ul ~ u2 ~ . . .  ~-- u n -~ O~ 
ui (x ,O)  = ~,o  (x)  , 
x ~ 0~,  t > 0, 
i= l , . . . ,n ,  xE~t ,  
where Pi -> 1, i -- 1 , . . . ,n ,  ~ c i}~N is a bounded domain with smooth boundary  0fl ,  ui,0(x), 
i = 1 , . . . ,n ,  are continuous and nonnegative functions, and vanish on 0~.  For n = 1,2, this 
system has been studied by many authors. 
In the case of a single equation, it is well known that  if p := pl  > 1 then the solution will 
blow up in finite t ime for the suitable "large" initial data. Here, blow-up is meant  in the sense 
of max imum norm. To understand the behaviour of solution near blow-up, the first step usual ly 
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consists in deriving a bound for the blow-up rate. Friedman and McLeod [1] and Weissler [2] 
obtained the following blow-up rate estimate: 
c (T - t) - i /(p-i) < maxu (., t) <_ C (T - t) -i/(p-1) , 
for some positive constants c and C, where T is the blow-up time of u(x, t). 
For the case n = 2, it is well known that if piP2 > 1 then the solution will blow up in finite 
time for the suitable "large" initial data [3]. Caristi and Mitidieri [4], Deng [5], and Wang [6] 
obtained the following blow-up rate estimate: 
C (T  - t )  - ( I+p l ) / (p lp2 -1)  ~_ maxul  (., t) <_ C (T - t )  - ( I+p i ) / (p lp2 -1)  , 
c (T - t) -(i+p2)/(plp2-i) <_ maxu2 (., t) < C (T - t) -(l+p2)/(mp2-1) , 
for some positive constants c and C, where T is the blow-up time. 
For the Cauchy problem of (1.1), i.e., ~ = ~N, the blow-up rate was studied by many authors, 
see [7,8] for n = 1, [9,10] for n -- 2, [11] for n = 3, and [12] for the general n. 
For other related works on the blow-up estimates of positive solutions to reaction diffusion 
problems (initial-boundary value problems with another type nonlinearities and with nonlinear 
boundary conditions), the reader can refer to [13-19] and the references therein• 
By the motivations of the above-cited papers, in the present paper we will study the blow- 
up rate of positive solution of (1.1). For convenience, throughout his paper we always define 
Pn+l = Pl for all integers l, i.e., P0 = pn, P-1 = Pn-i, Pn+l = Pi, and so on. Moreover, we can 
assume that n > 3. Our results read as follows. 
THEOREM 1. Assume that PiP2 • • • Pn > 1. If the initial data ui,0 (x), i = 1, . . . ,  n, are nonnegative 
and nontrivial C i functions and vanish on Of~, such that the classical solution (u i , . . . ,  un) of(1.1) 
blows up in finite time T < oc, and 
(u~)~(x,t) ~0, i = i , . . . ,n ,  for (x,t)  e ~ × (0,T) .  
Then there exist positive constants c and C such that 
c (T -  t) -~' < maxui (.,t) <_ C (T -  t) -~  , foral l tE[O,T),  i= l ,2 , . . . ,n ,  (1.2) 
_.~ X- "n+ i -2  where (/~i,...,/~n) T, with ~i (1 +p~ + z..,l=i+i P~ "" "Pl)/(PlP2"" "Pn - 1), i = 1, 2,... ,n, is the 
unique positive solution of the linear system: 
I -iO I Pi 0 ... 0 0 O0 -1 P2 ... 0 0 
0 -1 ... 0 0 
• . . .  • : 
0 0 ... -1 Pn-i 
0 0 ... 0 --I 
~2 
~3 i/ (1.3) 
. 
Throughout his section, we only 
LEMMA 1. Linear system (1.3) has 
1 +Pi  
PREL IMINARIES  
assume that Pi > 0 and Pi ""Pn > 1. 
a unique positive solution (Ai , . . . ,  An) T which is given by 
n+i - -2  
+ ~ Pi • • • Pl 
l= i+ l  
PiP2""Pn - 1 
, i=1 ,2 , . . . ,n .  
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PROOF.  Denote  











Then  )~1 = P1/P .  It is 
0 . . .  0 0 
P2 .. 0 0 
-1  .. 0 0 
: ' . .  : : , 
0 .. -1  Pn--1 
0 .. 0 --1 
easy to calculate 
P = ( -1 )  n+l  (P lP2 ' "  "Pn - 1) ,  
By the induct ive method,  it follows that  
Therefore,  
P~ = 
1 Pi 0 . . .  0 0 
1 -1  Pi+l . . .  0 0 
1 0 -1  . . .  0 0 
: : : ' . .  : : 
1 0 0 . .. -1  Pn-1 
1 0 0 . . .  0 -1  
P1 = ( -1 )  '~-1 - PIP2. 
P1 = ( -1 )  n+1 (1 q-P1 +PIP2 +PlP2P3 +""  +P l " "  "Pn-1) .  
n- i  
1 q-Pl q- ~ P l ' "  "Pz 
/=2  
P lP2" ' 'Pn  - -  1 
Similarly, we may get Ai, i = 2 , . . . ,  n. 
LEMMA 2. Set e = (1 , . . . ,  1) T, /31 = (1 + pn, 1 , . . . ,  1,0) T, ~2 
(1 , . . . ,1 ,0 ,1  +p i - l ,1 , . . . ,1 )  T, i = 3 , . . . ,n .  And define 
A = det (# l , . . . , f~n) ,  
B1 = det (e, /~2, . . . ,  f in), 
Bi  = det (~1, . . . ,  #i -1,  e, f l~+l , . . . , /3n) ,  
| 
= (0,1 +p l ,1  . . . .  ,1) T, #i = 
i =2, . . . ,n .  
PROOF.  








0 1 . . .  1 
1 +P i  0 . . .  1 
1 1 +p i+ i  . . .  1 
: : " . .  : 
1 1 . . .  1 "q-Pn-2 






1 -FPn-1  
i = i ,2 , . . . ,n .  
and sat is fy  
( I+p~)B I<A,  ( I+p l )B2<A, . . . , ( I+pn-1)B ,<A.  
Then,  
n--2 
B1 = 1 + (Ps  + pn-1 ,  
j= l  
n--1 
= 1 + (Ps " + 
j=2 
n+i -3  
Bi  = 1 + E (P5 "" 'P~+i-2)  +P~+i -2 ,  i = 3 , . . .  ,n,  
j=i  
f i  n ~ n 
A=n- l+ pi -k Ep ip i+ l  q- E (p ip i+ lP i+2)  --k . . .  q- E (p ip i+ l  . . .P i+n_2) + Pl . . .pn , 
i=1  i=1 i=1 i=1 
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The  s tandard  ca lcu lat ion yields 
1 0 
1 1 +P l  
1 1 








. . ,  
, , °  











1 +p l  -1  0 . . .  0 0 
1 P2 -1  . . .  0 0 
1 0 P3 . . .  0 0 
: : : ".. : : 
1 0 0 .. • Pn -2  --1 
1 0 0 . . .  0 Pn -1  
= (1 +Pl )P2"  "Pn-1  + 
1 -1  0 . . .  0 0 
1 P3 -1  . . .  0 0 
1 0 P4 . . .  0 0 
: : : ... : : 
1 0 0 .. • Pn -2  -1  
1 0 0 . . . 0 Pn -1  
= (1 +Pl )P2"  ' Pn -1  + 
1 0 1 
1 1 +P3 0 
1 1 1 +P4 
: : : 
1 1 1 
1 1 1 
. . .  1 1 
. . .  1 1 
. . .  1 1 
" . .  : : 
. . .  1 "F Pn -2  0 
. . .  1 1 "b Pn-1  
=( l+p l )p2 .  "Pn- I+B~ 3). 
In view of the  induct ive  method,  we have 
r~- -2  
B1 = 1 /= 1 + 
j= l  
Similarly, we can ca lcu late  B~, i = 2 , . . . ,  n.  
STEP 2. I f  we define 
M~ = 
By s tandard  com 
1 +P i  0 1 
1 1 + Pi+l 0 
1 1 1 + P~+2 
1 1 1 
1 1 1 
rotat ion,  it follows that  
1 +p~ 0 1 
1 l+p i  0 
1 1 1 +P2 
: : : 
1 1 1 
0 1 1 
. , .  1 
. . ,  1 
. . .  1 
.. i +Pn-2  
. .  1 
. . .  1 1 
. . .  1 1 
. . .  1 1 
" . .  : : 
. . .  1 +Pn-2  0 






1 +Pn-1  
= pnM1 + N,  
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where 
N = 
1 0 1 .. .  1 
1 1 +Pl  0 . . .  1 
1 1 1 +P2 . . .  1 
: : : ".. : 
1 1 1 . . .  1 +Pn-2  

































1 +P l  -1  0 . . .  0 0 
1 P2 -1  . . .  0 0 
1 0 P3 . . .  0 0 
: : : ". .  : : 
1 0 0 • • • Pn -2  -1  
1 0 0 . . .  0 Pn-1 
+(-1)  n 
0 



















= B1 + ( -1 )  n No. 
By a series of computat ions ,  we have 
a l  ~ -12-3  l+pa  
No 
where 
n-2  n -3  n -4  
a2 
-1  ' 
a 1 : Tt -3  -~- E Pi ~- E P iP i+ l  -}- E (PiPi-4-1Pi+2) ~-""  -[- E (P i ' "P iq -n -6 )  -}- P3" ' *Pn- -2 ,  
i=3  i=3 i=3 i=3 
n - - 2  
a 2 = 1 + P2 + E (P2P3"""  Pi ) .  
i=3  
Therefore,  
n-2  n -3  n -4  
(--1) n No = a l  + (1 + P l )  a2  = n - 2 + E Pi + E P~P~+I + E (PiPi+lPi+2) 
i=1  i=1 i=1 
2 
"q- " " " q -E (P i ' ' ' P i+n-4)q -P l ' ' ' Pn -2 ,  
i=1  
n--1 n- -2  n--3 
N = B1 + (--1)n NO = n - 1 + Ep  i + Ep ip i+ 1 ~- E (PiPi+lPi+2) 
i=1  i=1 i=1 
2 
+""  + ~ (pi'" "pi+n-3) + pl "" "pn-1. 
i=1  
Simi lar  to  the  ca lcu lat ion of A, we have 
M1 = plM2 + M~, 
where 
1 0 1 . . .  1 1 
1 1 +P2 0 . . .  1 1 
1 1 1 +P3 --.  1 1 
: : : ' . .  : : 
1 1 1 . . .  1 +Pn-2  0 
1 1 1 . . .  1 1 +pn-~ 
M~ = 
n-2  
= 1 + Ep~. .  "Pn-1 +Pn-1,  
i=2  
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its computat ion  is s imilar to that  of B1. In view of the recurrence method it follows that  
M1 :pn  I (Pi'" "P,~) +E (Pi'" "Pn+l) +""  + (Pi'" "P2n-3) -l-p1"" "Pn-2Pn + PI"" "P • 
i=2  i=3 i=n-  1 
Therefore, 
A=pnMl+N=n- l+~- '~p,+ p ,p i+ l+. . .+E(p , . . .p ,+n_2)+p l . . .pn .  
i=1  i=1 i=1 
From the expressions of A and Bi (i = 1 , . . .  ,n) ,  we know that  (2.1) holds. | 
COROLLARY I .  The linear system 
0:3 0:4 0:n-1 + a..........~n = 1, 
0:1 + ~ + ~ +""  + l+pn_2  1 +Pn-1 
0:1 + 0:2 "~ 0:4 0:n--1 + 0:n = 1, 
1 + p - ' - - '~  1-"-~3 + ' ' '+  1 +pn-2  1 + pn- - - - -~  
0:1 + 0:2 0: ,~-1  + 0:n _ 1, 
1 + p - " " '~  1--'~-~PlP1 +0:3 + ' ' '+  l+pn-2  l+pn-1  
(2.2) 
0:1 ..[_ 0:2 0:3 0 :n - -2  
l+p---: ++ 
0:2 + 0:3 0:4 0:,~-1 
l+p---S + ' ' '+  l+pn-2  
has a unique solution (0 :1 , "  ' '  , 0 :n )  T hrhich is given by 
(1 + Pn)B1 (1 + P l )B2  
0:1 - -  A ' a2 = A ' " ' " ' 
I t  is obvious that  0 < a i  < 1, i = 1 . . . .  , n. 
LEMMA 3. Let Ai and 0:i be given by Lemma 1 and Corollary 1. Define 
"~-0 :n -1  ~- I, 
+0:n = 1 
(1 + Pn-1) Bn 
0:n = A 
1 + )~1 + "'" + )~n 1 +Pn 1 +Pl 1 +Pn-1 
m= )q + . . . + An ' ql = real  ' q2 ma2 ' " " '  q'~ = man ' 
O~j) - 1 , j# i , i+ l ,  i l l<n- l ,  j# l ,n ,  i f i=n ,  
m(l  - 0:i) qj 
0(1) = -nO(n+1), 0ii = -i0(~+1) = 0, i, j = 1 , . . . ,  n. 
Then, 
q i> l ,  - -=1,  0 =1,  i = 1 , . . . ,n .  
i=x qi j= l  
It follows that 0 < O} j) <_ 1, V1 < i, j < n. 
PROOF. F i rst ,  it is easy to see that  Aipi-1 > 1, i = 1 , . . . ,  n. By Lemma 2, we have 
l+pn  l+pn A A l+pn _ ( l+pn) (A l+ ' "+An)  
q l= rea l  m ( l+pn)  Bx roB1 > m 1+)q+. . .+)% 
O(n+t) since )qPn > 1. Similarly, qi > 1, i = 2 , . . .  ,n.  For convenience, we always denote - i  
for all integers I. By the definit ions of qi and 0} j), we know that  
aj  , j~ i , i+ l .  O} j) (I - a~) = 1 +pj_ i  
> 1, 
= O~ t) 
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Because (Ogl, , an) T satisfies (2.2) and 0! 0 = 0 (i+l) .. , _~ _i = 0, it follows that 
n 
0 (j) = 1, 
j= l  
i=  l , . . . ,n .  
n 1 In the sequel, we will prove that ~i=i ( /q i )  = 1. In view of the expressions of qi and ~i, we 
have that qi = A / (mBi ) .  Consequently, 
n 1 1 + "~1 + "'" + An B1 + "" + Bn 
i~..1-~i = Al  q_.. ._~_ An X A 
Using the expressions of Ai, Bi, and A, we have that A = (P l " "Pn  - 1)(1 + ~1 + ' ' '  -{- )~n), 
. . .  = n 1 B1 + + Bn (Pl"" "Pn -- 1)()M + ' ' '  + An). Therefore, E l= l ( /q i )  = 1. | 
LEMMA 4. Let Ai (i = 1 , . . . ,  n) and m be given by Lemmas 1 and 3, respectively. Assume that 
f i(t) (i = 1 . . . .  , n) are nonnegative functions and satisfy 
f~(t) >_ ~fP_~l(t), t > O, i = 1 , . . .  ,n, fn+l := f l ,  (2.3) 
for some positive constant ~. Then there exists positive constant c such that 
( f l " ' "  fn)'  (t) >_ c ( f l  . . .  fn) m (t), t > O. (2.4) 
PROOF. Let ai, qi, and O~ j) be given by Corollary 1 and Lemma 3. By use of the Holder 
inequality, Lemma 3, and (2.3), we have 
n ,~ _ O(j) 
(A...A)"(x,t) I-I:""': ~=~('(~ "') ~ ) = j[ l Ji Ji 
i=1  
=L "1 ,~  • • • fn -1  OO-) 1 1)] L [ .~=:P(1-~3) ~a "",~ .0!,=)(1-~)]j ~
J1 • 0~2 ( l _ _~n_2)  m • .. [ fa" "  0~")(1-~') .. f~_, ] 
J2 0(L) (1_~._~) mq, 
q- LJ2 J3 " ' ' f  n8~'~,(l-(~'~) 
[..,, :{")(1-.~) e (~) '1 'lmq~ } ~t" n,--2( --O~a--2]| 
+" + LJn J1 " " Jn--2 J 
I+pl  3 ' ' '  "e lq-P2 ~¢" :C  f l+P" f2"" fn_ l+f~ f fn + fad3 :a ' ' ' fn  
+..._vjn-- ,1+p,,-l:.:,...fn_2} _< C(fl ""fn)t(x,t). 
Therefore, (2.4) holds. 
3. PROOF OF  THEOREM 1 
STEP 1. We first prove the upper bound, i.e., the right-hand side of (1.2). Since (U l (X, t ) , . . . ,  
Un(X, t)) blows up in finite time T < oc, and (ui)t(x, t) > 0 for all (x, t) E 12 x (0, T), i = 1 , . . . ,  n, 
similar to the proof of Theorem 1 of [6], we have that for any to : 0 < to < T, there exists 
> 0 such that (un)t(x, to) >_ eu~"(x, to), (ui)t(x, to) >_ eUP~l(x, to), i = 1 , . . . ,n  - 1, for all 
x E ~. Without loss of generality, we can think that these relations hold for to = 0. Let 
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f i ( z , t )  = (Ui)t(x,t)  - -SU~I (x , t ) ,  i = 1 . . . .  ,n,  un+1 := ul,  fn+l  := f l .  Because Pi _> 1, by direct 
computations, we have 
( f i ) t  -A f i  >- PiuPJ~llI~+I, x C f~, 0 < t < T, 
f~(x , t )=O,  x~Oft ,  O<t<T,  
f~(~,o) _> o, x~,  
i= l , . . . ,n .  
The maximum principle gives f i (x , t )  >_ O, i.e., 
(u~)t (x , t )>_eu i+ lp '  (x,t) ,  xe~) ,  0<t<T,  i= l , . . . ,n .  (3.1) 
By use of Lemma 4, we obtain 
(ut .. .un) t >_ c (u lu2 . . .u~)  m (x , t )  , x ~ ft, O < t < T, (3.2) 
for some positive constant c. For any fixed x E ~, if (u l . . .u~) (x , t )  is unbounded above, then 
l imt - . r (u l ' "  Un)(X, t) = C~. Integrating (3.2) from t to T yields 
(u l " "u~) (x , t )<C(T - t ) - l / (m-1)=C(T- t ) - (a~+'"+~") ,  O<_t <T.  (3.3) 
If (Ul . - '  u~)(x,  t) is bounded above, it is obvious that (3.3) holds. 
We prove maxf iu l ( . , t )  _< C(T  - t) -~  for all t E (0, T). On the contrary, if there exist 
sequences {xk}, xk E f~, {tk}, 0 < tk < T,  and {Ck} with tk ~ T -  and Ck -* ~ as k --* c~ such 
that 
ul (xk , tk )  >_ Ck (T  - tk) -~  , 
then one has, by (3.1), 
~ (~,t)  _> 
Un--1 (Xk,t) 
un (z~,tk) + ~ u~" (xk, r) dr 
~" (xk, t~) (t - t~) 
eC~"(T  - tk) -~Ip" (t -- tk) , 
Un--1 (Xk, tk) + e U p ' ' - I  (xk, T) dr 
~l+p,,-lr:p,,p,,-~k (T - tk) -x~p''p''-~ (r  -- tk) p''-~ dr 
C (e) C~ ''-~p" (T  - tk) -~ 'p 'p  ..... (t - tk) I+p ' - '  , 
tk <_ t < T, 
ui (Xk,t)  >_ C (e) C~ v''p'' (T -  tk) -~lp''''p'` (t - tk) b~ , 
i=n-2 ,  n -3 , . . . ,1 ,  
rt--1 where bi = 1 + p~ + ~1=~+1 P~ " " Pl. Thus, we get 
(U l ' '  " ~tn) (Xk,t)  ~> C (¢) C~ (T  - tk) -~'t~ (t - tk) b , 
tk <_t <T,  
tk <_t <T,  (3.4) 
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where 
n-1 
# = P,~ + ~ Pt • " • Pn, 
/=1 
b = bl + . . .  + bn-2 + (1 +Pn-1)  + 1, 
n--1 n -1  n -1  n--1 
:n  ~- EP I~-  EF I " ' ' P l - t -  E (P2" ' 'P l ) -{- ' ' ' -~-  E 
l=l /=2 /=3 /=i+1 
n -1  
q- ' "+ E (Pn -3 ' "P l )+Pn-2Pn-1 .  
l=n-2 
(Pi " "P t )  
Taking t = zk ~= (T  + tk ) /2  in (3.4), one has 
(Ul""" Un) (Xk, Zk) ~ C (~) C~ (T  - tk) -~1~ (T  - tk) b 
= C (e) C~ (T - tk) -~l"+b : C (e) C~ (T  - zk)  -a~t'+b .
In the following, we will prove that -)~1# + b = - ( )q  + -. .  + )~).  
a = 1 + Pl + ~- -1  P l  "" "P l ,  then 
(p~...p~ - 1)' 
( ) ~# = 1 + Pl + E Pl " • "Pl Pn + Pi " • "Pn 
/=2 i=1 
n--2 n -1  n -1  
= p~ +pl~ +Pn E (P~" "P~) + ~ (P'"P~) +P iE  (P~" "P~) +P i "P~ (a +p~) 
l=2 i=2 i=3 
+ Pi " " "Pn  Pl  " "" Pt • 
\ i=1  
Denote a~ = pi • • • Pn, then 
E Pi"  • • Pn P l  " " "Pt = a~ P l  • • • Pt 
\ i= l  \ /=2  \ i=1  \ /=2 
and 
n--1 al( pl 
n--1 o2( p1 pl) 
n--1 
( o1 ) 
=Pl ' ' ' Pn  \~=2P l ' ' ' P l  , 
(~n-1 ) 
P2Pl  " "Pn  +Pl ""Pn \~=3P2 "" "Pl , 
n-1 
= p1 .p~ (1 + p3)+p l . . .pn  ~p3. .p .  
/=4 
i -2  
Pl "" " Pn (1 q- Pi ) ~- Pi "" " Pn ~_~ Pl "" " Pl 
/=2 
i t -1 
+Pl ' "Pn  E P i ' "P t ,  i=4 , . . . ,n -2 ,  
l=i+1 
n -1  / n--3 
an--1 ( l~=2Pl ' ' 'P l  =P l ' ' ' pn( lq -pn-1) 'q -Pn- lPnEP l ' ' ' p l .  
/=2 
(3.5) 
In fact, if we denote 
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_ ~pP i+ l  Fi (t) < Fi (z) + (T - z) [F4+l(z) + - 4+2 (t) (T - z)] p' 
< F, (z) + 2 p' (T - z) F~_l(z ) + 2 p' (T - z) 1+'' F~;~ '+' (t), 
O<z<t<T,  i = 1 , . . . ,n .  
Consequently, 
n n--2 n--1 n-1 
i=1 /=2 i=2 /=3 
n-1 ( i-2 ) n--1 n-1 
i=4 /=2 /=2 l=3 
n-1 
+. ' .+  
l=n--2 
= (P l " "Pn  - 1)(A1 +""  + An). 
From these relations, we have 
--AI# -[- b = - (Ax + .- + An). 
Because Ck --* c~ as k ~ c~, (3.5) contradicts (3.3), and hence, there exists C > 0 such that 
m_axu l ( . , t )<_C(T- t )  -~  , O<_t<T.  
f~ 
Similarly, we can prove 
m_axui ( . , t )<_C(T- t )  -~ ,  O<_t<T,  i=2 , . . . ,n .  
STEP 2. We prove the lower bound, i.e., the left-hand side of (1.2). 
Let F(x, t) be the fundamental solution for the heat equation, namely, 
r (x , t )=  1 ( - ]x l  2 ) 
(47rt)n/2 exp \ 4t ,/" 
Then for 0 < z < t < T and x E ~, we have the Green's identity (see [20,21]): 
Io / 'Io ui(z , t )  F (z -y , t  z) u i (y , z )dy+ F(z  y,t v, . . . .  r) ui+ 1 (y, r) dy dr 
+ P(z -y , t - r )  Ou4(y'T) dSydr, i = 1 , . . . ,n ,  
n 0~? 
where 7/ is the exterior normal vector on 09t. Denote F4(t) = max~ ui(x,t), then F4(t), i = 
1, . . . ,  n, are nondecreasing. Since ~n' -< 0 on 0R, we have 
F4 (t) <_ Fi(z) + F~¢ 1 (r) dr <_ Fi(z) + F~Cl(t)(T - z), (3.6) 
O<z<t<T,  i= l , . . . ,n .  
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For convenience, we denote F,~+z (t) = Fl (t) for all integers I. Repeat ing the above steps, we have 
F~ (t) <_F~ (z) +C (T-z)Fg_;l(Z)+~_,(T ,~,,,p,...p,+~-i ~, ...o 1=2 - z) r i+/  (z) + (T - z) ~( ' F  pl p (t) , (3.7) 
0<z<t<T,  i= l , . . . ,n ,  
where 
~[~) = l+p i+P ip i+ l+ ' "+p i ' "p i+ l -2 ,  l=2 , . . . ,n .  
From this we see that  ~(i) = (Pl"" 'pn - 1)A~. Because Fi(t) -* oo as t ~ T,  it follows that ,  for 
any z : 0 < z < T, there exists t : z < t < T such that  
Fi(t) -~ 2 Fi (z) ÷ C (Z - z) FP~_I (z) ÷ ~ ( r  - z) ~}~, FP~) "'p~+'-I (z) , 
/=2 
O<z<t<T,  i= l , . . . ,n .  
Thus,  by (3.7), we have 
[ ] F~ (~) + C1 (T - z) F~;~ (z) + ~ (T - z) ~'' ~,...~,+,-1 . ~+~ (z)  > C~ (T  - z)  -~  , (3.8)  
l=2 
i=  l , . . . ,n .  
We prove F l ( t )  _> c(T - t) -~1, 0 < t < T, for some posit ive constant  c. On the contrary, 
assume that  there exist sequences {tk) and (Ek) with tk --* T -  and ck --* 0 + as k --+ oo such that  
F1 (tk) <_ ~k (T - tk) -~I . (3.9) 
For z = tk, the first inequal i ty of (3.8) is 
F1 (tk) + C1 (T - tk) F~(tk) + ~ (T  - tk) e}~' . ~+~ (tk)  _> C2 ( r  - tk) -~ '  . 
l=2 
In view of (3.9), it follows that  
Cl (T - t~) F~" (t~) + ~ (T - t~) ~}'' ~ '~"  1+1 (tk) >_ (C2 - ¢k) (T - tk) -~  . (3.10) 
l=2 
Choosing a > 1, by Step 1 (the r ight-hand side of (1.2)), we have 
Fi (T - a (T - tk)) <_ Ca -~' (T - tk) -~' , i = 2 , . . . ,  n, (3.11) 
for the large k (where T - a (T  - tk) > 0 as k is large). Since a > 1, we have T - a (T  - tk) < tk. 
From (1.3), we see that  
1-pnA1 =-An ,  1 -p iA i+ l  =-A i ,  i=n-1 , . . . ,2 .  (3.12) 
Tak ing t = tk and z = T - a (T  - tk) in (3.6), and in view of (3.11) and (3.12), it follows by use 
of the recurrence procedure that  
Fn (tk) _< Fn (T - a (T - tk)) + a (T - tk) F~" (tk) 
<_ Fn (T  - a (T  - tk ) ) + a¢Pk" (T - t}) ~-p '~ '  
< (Ca -~" + a~ ~) (T - tk) -~'' = gn (T - tk) -~  , (3.13) 
Fi  (t}) < gi (T - t}) -~ '  , i = n - 1, .. ., 2, 
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where gn Ca  -~ '  + asPk ", gi Ca  -~ + P' = = agi+l,  i = n -  1 , . . .  ,2. Substituting (3.13) into (3.10) 
yields 
n--1 ] 
C1 gpl (T  - tk) 1-p1"~2 ~- E gPl""Pll+l (T  - tk) 5}l)-pl"''pz'~t+l __> (C2 - ek) (T  - tk) -'~1 . (3.14) 
l=2 
Using the expressions of %1+1 and 5} 1) , we can prove that 5} 1) -P l  ""  Pl)~l+l = --•1, I = 2 , . . . ,  n -1 .  
It follows from (3.14) that 
n-  1 gPl""Pl 
C, gm +El=2 l+, ] --> ((72 -- ¢k) (T  -- tk)  -'x'. (3.15) 
Denote 
f~ (C) C, fi (C) C + p' = -= f i+l  (C ) ,  
In view of relations (3.12), it follows that 
i =n-1 , . . . ,2 .  
lira gi -- f i  (C) a -~ ,  i = 2 , . . . ,  n. 
¢k~O 
Hence, lima-~oo lim~k--,0 gi = 0, i = 2, . . . ,  n. Consequently, 
n--1 
lim lim g~l + X-" gp,'"p, ~ = O. 
This shows that (3.15) is a contradiction. Therefore, the left-hand side of (1.2) holds for i = 1. 
In a similar way, one can prove the left-hand side of (1.2) for i -- 2, . . .  ,n. | 
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